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New era of GW astronomy
Multi-messenger astronomy
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IPTA
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Pulsar and PTA

A pulsar timing array (PTA) pursues to detect nHz GWs by regularly monitoring time
of arrivals from an array of the ultra rotational stable millisecond pulsars.
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Time of Arrivals (TOAs)

τ = τTM + n = τTM + τRN + τDM + τWN + τGW

τTM – timing model: physical model for TOAs taking in to account spin period,
proper motion, binary orbital dynamics, etc.

τRN – red noise (i.e. low-frequency correlated noise). Correlation timscales on
the order of weeks - years.

τDM: Model for time-varying dispersion measure variations (i.e. has 1/ν2

dependence, where ν is the radio frequency).

τWN – white noise: it is more than just a variance since we have data taken from
different observing systems and different telescopses.

τGW – GW signal.
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Timing Residuals

δτ = τobs − τdet(ξest)

= τdet(ξtrue)− τdet(ξest) + n

= τdet(ξest + ϵ)− τdet(ξest) + n

= τdet(ξest) +
∂τdet(ξest + ϵ)

∂ξ

∣∣∣∣∣
ϵ=0

ϵ− τdet(ξest) + n+O(ϵ2)

≈
∂τdet(ξest + ϵ)

∂ξ

∣∣∣∣∣
ϵ=0

ϵ+ n

= Mϵ+ n,

(1)

M is the design matrix and ϵ is an offset parameter.

τTM ∼ milliseconds

n ∼ nano- or microseconds
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Timing Model

Zu-Cheng Chen Probing New Physics with Pulsar Timing Arrays Feb 22, 2023 10 / 45



Introduction Noise Model for Pulsar Timing Probing New Physics with PTAs Prospect

Red Noise

τRN =

Nmode∑
j=1

[
aj sin

(
2πjt

T

)
+ bj cos

(
2πjt

T

)]
= Fredared,

ared is a vector of the alternating sine and cosine amplitudes
T is the total time span of the data
Fred is a NTOA × 2Nmode matrix with alternating sine and cosine terms
Nmode the number of frequencies used. Typically we use 50 Fourier modes.
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Red Noise

Covariance matrix

Kred = ⟨τRN(τRN)T ⟩

= Fred⟨areda
T
red⟩F

T
red

= FredφF
T
red

φ = ⟨aredaTred⟩ is a matrix with zero off-diagonal elements

φi,i = P (fi)

Power spectrum
power-law

PPL(f ;A, γ) =
A2

12π2

(
f

yr−1

)−γ

yr3

broken power-law

PBPL (f ;A, γ, δ, fb, κ) =
A2

12π2

(
f

yr−1

)−γ
(
1 +

(
f

fb

)1/κ
)κ(γ−δ)

yr3

free spectrum
PFS (fi; ρi) = ρ

2
iT,

ρi is the spectral amplitude at frequency fi = i/T .
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Dispersion Measure Variations

Dispersion measure is due to the propagation of radio waves through the charged
plasma of the interstellar medium (ISM),

DM(t) =

∫ L(t)

0
ne(x)dℓ.
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Dispersion Measure Variations

Timing residual
τDM = FDMaDM

Covariance matrix

KDM = FDM⟨aDMaTDM⟩FT
DM

= FDMφDMFT
DM

φDM = ⟨aDMaTDM⟩ is a matrix with zero off-diagonal elements

φi,i = P (fi)

Radio frequency dependent power spectrum

PDM (f ;ADM , γDM ) =
A2

DM

12π2
f−3
yr

(
f

fyr

)−γDM
(
1400MHz

ν

)2
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White Noise
Measurement error is the biggest contributor.
A function of radio frequencies and observation times.

Covariance matrix
Nij = δij

(
σ2

meas,ij + σ2
equad,ij

)
,
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GWB

τGWB =

Nmode∑
j=1

[
aj sin

(
2πjt

T

)
+ bj cos

(
2πjt

T

)]
= FGWBaGWB,

Covariance matrix

KGWB = ⟨τGWB(τGWB)T ⟩

= FGWB⟨aGWBaTGWB⟩FT
GWB

= FGWBφFT
GWB

Correlations
φIJ;i,i = ΓIJP (fi)

Hellings & Downs correlations

ΓT
IJ =

3

2

(
1− cos ξ

2

)
ln 1− cos ξ

2
−

1− cos ξ
8

+
1

2

Power spectrum from SMBHBs

P (f ;A, γ) =
A2

12π2

(
f

yr−1

)−γ

yr3
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Putting them all together
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Timing residuals

δτ = Mϵ+ Fredared + FDMaDM + n

= Tb+ n

Definitions

T = [M Fred FDM]; b =

 ϵ

ared

aDM

 B =

∞ φ

φDM



Covariance matrix
C = N +K = N + TBTT

where N = ⟨nnT ⟩ is covariance matrix for white noise.
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Likelihood

Basis Picture:

p(δτ |b, ϕ) =
exp

[
− 1

2
(δτ − Tb)TN−1(δτ − Tb)

]
√

det 2πN

exp
[
− 1

2
bTB−1b

]
√

det 2πB

Kernel Picture

p(δτ |ϕ) =
exp

[
− 1

2
δτTC−1δτ

]
√

det 2πC

Woodbury Lemma

C−1 = (N + TBTT )−1 = N−1 −N−1T
(
B−1 + TTN−1T

)−1
TTN−1

detC = det (N + TBTT ) = det (N) det (B) det (B−1 + TTN−1T )

B ∼ 1000× 1000 and C ∼ 30000× 30000 means speedup of ∼ 1000
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Bayes’theorem

Bayes factor
BF =

Pr (D | H1)

Pr (D | H0)
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Scalar-Induced Gravitational Waves (SIGWs)

Primordial perturbations can be generated by quantum fluctuations during
inflation.

Metric

ds2 = a2
{
−(1 + 2ϕ)dη2 +

[
(1− 2ϕ)δij +

hij

2

]
dxidxj

}
, (2)

where ϕ ≡ ϕ(1) and hij ≡ h
(2)
ij are the scalar and tensor perturbations,

respectively.

Primordial scalar perturbation can be the source of SIGWs, as well as primordial
black holes (PBHs).

EoM
h′′
ij + 2Hh′

ij −∇2hij = −4T ℓm
ij Sℓm. (3)
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SIGW up to 3rd order
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Our results have been cited by 12 review articles.
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Cosmic String
Cosmic strings are linear topological defects that can form in the early Universe
from symmetry-breaking phase transitions.

The intersection between cosmic strings can lead to reconnections and form loops,
which will then decay due to relativistic oscillation and emit gravitational waves.
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GW energy density spectrum of cosmic strings

Here, p = 1 is the reconnection probability.

Gµ is string tension – the energy stored per unit length.
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Ultralight Vector Dark Matter (UVDM)

Ultralight vector field with mass ∼ 10−22eV can be DM candidate.

The vector field oscillating coherently on galactic scales induces oscillations of the
spacetime metric with a frequency around nHz, which is detectable by PTAs.

Action for a free massive vector filed

S =

∫
d4x

√
−g

(
−
1

4
FµνFµν −

1

2
m2AµA

µ

)
, (4)

where Fµν = ∂µAν − ∂νAµ.

Only longitudinal mode survives during inflation

Ak̂(t, x) = A(x) cos(mt+ α(x)). (5)

where k̂ = (sin θ cosϕ, sin θ sinϕ, cos θ) is the oscillating direction.
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Redshift induced by UVDM

ds2 = ηµνdx
µdxν − 2Φ(t, x)dt2 + 2Ψ(t, x)δijdxidxj + hij(t, x)dxidxj

Ψ(t, x) = Ψ0(x) + Ψosc(x) cos(2mt+ 2α(x))

zΨ(t) = Ψosc(xe) cos(2mt+ 2α(xe))−Ψosc(xp) cos[2m(t− |xp|) + 2α(xp)]

hij(t, x) = hosc(x) cos(2mt+ 2α(x))(l̂ ⊗ l̂ + n̂⊗ n̂− 2k̂ ⊗ k̂),

zh(t) =
1

2
p̂ip̂j [hij(t, xe)− hij(t− |xp|, xp)],

The redshift is angular dependent due to the oscillation of UVDM. The blue
line and red line represent the contribution of the trace part zΨ(t) and the
traceless part zh(t), respectively. Actually, we only observe the summation of
zΨ and zh, which is depected by the green line. The angle � is measured from
the direction of the oscillation chosen as the z-axis. A gray dashed line shows
the magnitude of the redshift when the DM is a scalar field.
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Massive Gravity

Massive gravity is a theory of gravity endowing the graviton with a nonzero mass.
The geodesics of light will be altered in massive gravity leaving an imprint on
pulsar’s timing residuals.
Overlap reduction function

Qiuyue Liang, Mark Trodden, PRD (2021); Yu-Mei Wu, Zu-Cheng Chen, Qing-Guo Huang, PRD (2023)
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Alternative Polarizations

polarization tensors

ϵ+ij = m̂⊗ m̂− n̂⊗ n̂,

ϵ×ij = m̂⊗ n̂+ n̂⊗ m̂,

ϵBij = m̂⊗ m̂+ n̂⊗ n̂,

ϵLij = Ω̂⊗ Ω̂,

ϵXij = m̂⊗ Ω̂ + Ω̂⊗ m̂,

ϵYij = n̂⊗ Ω̂ + Ω̂⊗ n̂
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ORF
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Signal-to-noise-ratio

SNR2
B = 2

∑
f

Np∑
a

Np∑
b>a

Γ
I2(f)
ab

ΓI
aa(f)Γ

I
bb(f) + ΓI

ab(f)
.

Neil J. Cornish, Logan O’Beirne, Stephen R. Taylor, Nicolás Yunes, PRL 120 (2018)
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Evidence for the ST correlations in NANOGrav 12.5-yr

BF compared to the UCP model with γUCP = 13/3.
ephemeris TT ST VL SL ST+TT

DE438 4.96(9) 107(7) 1.94(3) 0.373(5) 96(3)
BayesEphem 2.35(3) 18.4(7) 1.31(2) 0.555(7) 16.7(3)

No significant evidence for TT/VL/SL modes

Strong Bayesian evidence for ST correlations;

No TT correlations in addition to the ST mode;
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Evidence for the ST correlations in NANOGrav 12.5-yr
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Constrain GW Polarization with PPTA DR2

No significant evidence for TT/ST/VL/SL
correlations.
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Evidence for the ST correlations in IPTA DR2
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Model TT ST ST+TT
lnBF 2.53(3) 3.39(4) 3.63(4)

Strong evidence for a
common-spectrum process.
Strong evidence for ST correlations.
No significant evidence for an
additional TT correlations.
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We also consider a parameterized transverse ORF as

Γab(f) =
1

8
(3 + 4δab + cos ξab) +

α

2
kab ln kab. (6)

ST: α = 0 TT: α = 3 prior of α: Uniform(-10, 10)
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 prior range

ST mode is favored by IPTA DR2.

TT mode is ruled out at 90% credible interval.
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Summary for the results of alternative polarizations

PTA UCP TT ST VL SL Monopole Dipole
NANOGrav 12.5-yr 3 7 3 7 7 7 7

PPTA DR2 3 7 7 7 7 7 7

IPTA DR2 3 7 3 N/A N/A 7 7

All three PTAs support the evidence for a common process, but the evidence for
TT correlations is insignificant.

NANOGrav 12.5-yr and IPTA DR2 indicate the common process has ST
correlations, and the obtained AST is consistent with the upper limit from PPTA
DR2.

NANOGrav 12.5-yr PPTA DR2 IPTA DR2
AST 1.06+0.35

−0.28 × 10−15 ≲ 1.8× 10−15 1.29+0.51
−0.44 × 10−15
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Response from NANOGrav Collaboration
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Works in Progress for PPTA

Searching for GWB predicted by GR in PPTA DR3

Searching for alternative polarizations in PPTA DR3

Searching for the continuous waves from SMBBHs in PPTA DR2/DR3

Searching for GWB from domain walls in PPTA DR2

Searching for SIGW in PPTA DR2/DR3

Searching for ultralight scalar/vector/tensor DM in PPTA DR3

Searching for memory effect in PPTA DR2/DR3

· · ·
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